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1113ÙÙÙ PoissonLLL§§§

• 3.1 PoissonL§

• 3.2 �PoissonL§�éX�eZ©Ù

• 3.3 PoissonL§�í2
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§3.1 PoissonLLL§§§���½½½ÂÂÂ

½½½ÂÂÂ 3.1.1 �ÅL§{N(t), t ≥ 0} ¡�OOOêêêLLL§§§§
XJN(t)L«l��0�t,�A½¯�Au)�gê§§ä

�±eü�A:µ

(1) N(t) ≥ 0�����ê;

(2) s < t�§N(s) ≤ N(t) � N(t)−N(s)L«(s, t]�

mS¯�Au)�gê"

½½½ÂÂÂ 3.1.2 OêL§{N(t), t ≥ 0}¡�ëê�λ(λ >

0)�PoissonL§§XJ

(1) N(0) = 0;

(2) L§kÕáOþ;
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(3) é?¿�s, t ≥ 0,

P (N(t+ s)−N(s) = n) = e−λt
(λt)n

n!
, n = 0, 1, 2, · · ·

555µµµ(1)PoissonL§´Õá²­Oþ�OêL§¶

(2)duE[N(t)] = λt, u´�@�λ´ü �mSu)�¯

��²þgê§���¡λ´PoissonL§�rÝ½�Ç.

~~~ 3.1.1 (PoissonL§3üèØ¥�A^) 3�ÅÑ

ÖXÚ¥üèy��ïÄ¥§²~^�Poisson L§�.§

~X,��>{oÅ���ê8§��,ÑÖ�����ê§

Ñ�±^PoissonL§5£ã§±,»�ÕÈ¦?�~§�

l@þ8:00m©§dÈ¦?ëYÈ¦§¦��10</���

²þ�Ç��§Kl9:00�10:00ù1��S�õk5¶¦

�5d	¦�VÇ´õ�ºl10:00-11:00vk<5ï¦�
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VÇ´õ�º

·�^��PoissonL§5£ã.�8:00�0��,K9:00

�1��,ëêλ = 10. dPoissonL§�²­5�

P (N(2)−N(1) ≤ 5) =
5∑

n=0

e−10·1(10 · 1)n

n!
,

P (N(3)−N(2) = 0) = e−10 ·
(10)0

0!
= e−10.

~~~ 3.1.2 (¯�u)gê��xúi���¢�ê)

e±N(t)L«,|¤3 (0, t]�mSu)Ø3¯��ê8§

K PoissonL§Ò´{N(t), t ≥ 0}��«éÐCq. ~X§

�xúi�����¦�gê£��g¯�Ò���g¢

�¤Ñ´�±A^PoissonL§��."·��Ä�«�{

ü�¹§��xúizg��GÑ´1§z�²þ��¢�

�¦4g§K�c¥§�GÑ�7�²þ�õ�º
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��cm©�0��§1�"���1§2�"���2§

· · · , Kc"���12

P (N(12)−N(0) = n) =
(4× 12)n

n!
e−4×12.

þ�

E[N(12)−N(0)] = 4× 12 = 48.

��o¢S¥kùoõ�y��±^PoissonL§5�

NQºÙ�â´�VÇ¯��n. ·�3VÇØ�ÆS¥

®²��§BernoulliÁ�¥§zgÁ�¤õ�VÇé�


Á��gêéõ�§��©Ù¬%CPoisson©Ù.ù��{

ég,/í2��ÅL§�¹.'Xþ¡J��¯�u)�

~f§3éá��mSu)¯��VÇ´é��§�bX�

Äéõ�ù�éá��m�ë�§¯��u)ò¬k���

�­½��Ç§ùéaquBernoulliÁ�±9��©Ù%
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CPoisson©Ù��b½.

PoissonL§�,��d½Â:

½½½ÂÂÂ 3.1.3 �{N(t), t ≥ 0}´��OêL§§e÷v
(1)′ N(0) = 0¶

(2)′ L§k²­ÕáOþ¶

(3)′ �3λ > 0, �h ↓ 0�

P (N(t+ h)−N(t) = 1) = λh+ o(h);

(4)′ �h ↓ 0�§

P (N(t+ h)−N(t) ≥ 2) = o(h).

K¡{N(t), t ≥ 0}�PoissonL§.

¯¢þ§r[0, t]y©�n�����m«m§Kd^

�(4)
′
��§�n → ∞�§3z��«mS¯�u)ü
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g½üg±þ�VÇªu0§Ïd§¯�u)�g�VÇ

p ≈ λ t
n
(w,p¬é�)§¯�Øu)�VÇ� 1−p ≈ 1−λ t

n
§

ùTÐ´�gBernoulli Á�.Ù¥¯�u)�g=�Á�

¤õ§Øu)=��}§2d^�(2)
′
�Ñ�²­ÕáOþ

5§N(t)Ò��ungÕáBernoulli Á�¥Á�¤õ�o

gê§dPoisson ©Ù���©Ù%C��N(t)òÑlë

ê�λt�Poisson©Ù.

PoissonL§ü½Â�d�î��êÆy²:

½½½nnn 3.1.1 ÷vþã^�(1)′−(4)′�OêL§{N(t), t ≥
0}´PoissonL§§�L5Poisson L§�½÷vù4�^

�.

y²µ�OêL§{N(t), t ≥ 0}÷v^�(1)′ ∼ (4)′,

yy²§´PoissonL§. �±w�,Ù¢�I�yN(t)Ñl
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ëê�λt�Poisson©Ù=�. P

Pn(t) = P (N(t) = n), n = 0, 1, 2 · · ·

P (h) =P (N(h) ≥ 1)

=P1(h) + P2(h) + · · ·
= 1− P0(h)

P0(t+ h) =P (N(t+ h) = 0)

=P (N(t+ h)−N(t) = 0, N(t) = 0)

=P (N(t) = 0)P (N(t+ h)−N(t) = 0)

=P0(t)P0(h)

=P0(t)(1− λh+ o(h))£^�(3)′, (4)′¤.
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Ïd
P0(t+ h)− P0(t)

h
= −λP0(t) +

o(h)

h
,

-h→ 0§�

P ′0(t) = −λP0(t).

)d�©�§, �

P0(t) = Ke−λt,

Ù¥K�~ê. dP0(0) = P (N(0) = 0) = 1�K = 1§�

P0(t) = e−λt.
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Ón§�n ≥ 1�§k

Pn(t+ h) =P (N(t+ h) = n)

=P (N(t) = n,N(t+ h)−N(t) = 0)

+P (N(t) = n− 1, N(t+ h)−N(t) = 1)

+P (N(t+ h) = n,N(t+ h)−N(t) ≥ 2)

=Pn(t)P0(h) + Pn−1(t) · P1(h) + o(h)

= (1− λh)Pn(t) + λhPn−1(t) + o(h).

u´

Pn(t+ h)− Pn(t)
h

= −λPn(t) + λPn−1(t) + o(h),

-h→ 0�

P ′n(t) = −λPn(t) + λPn−1(t)
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|^8B{)�

Pn(t) = e−λt
(λt)n

n!
= P (N(t) = n).

�L5§y²PoissonL§÷v^�(1)′ ∼ (4)′§�I�y

^�(3)′, (4)′¤á.
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d½Â¥1n�^���

P (N(t+ h)−N(t) = 1) =P (N(h)−N(0) = 1)

= e−λh
λh

1!
= λh

∞∑
n=0

(−λh)n

n!

=λh[1− λh+ o(h)]

=λh+ o(h)

P (N(t+ h)−N(t) ≥ 2) =P (N(h)−N(0) ≥ 2)

=
∞∑
n=2

e−λh
(−λh)n

n!

= o(h).

~~~ 3.1.3 ¯�A�u)/¤rÝ�λ�PoissonL§

{N(t), t ≥ 0}. XJzg¯�u)�±VÇpU
�P
¹e5§¿±M(t)L«�t���P¹e5�¯�oê,K
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{M(t), t ≥ 0}´��rÝ�λp�PoissonL§.

¯¢þ§duzg¯�u)�§é§�P¹ÚØP

¹Ñ�Ù¦�¯�UÄ�P¹Õá§
�¯�u)Ñ

lPoisson©Ù. ¤± M(t)�´äk²­ÕáOþ�§��

I�yM(t)Ñlþ��λpt�Poisson©Ù. =ét > 0, k

P (M(t) = m) =
(λpt)m

m!
e−λpt.



15/47

‖J I‖

J I

GoBack

FullScreen

Close

Quit

du

P (M(t) = m)

=
∞∑
n=0

P (M(t) = m|N(t) = m+ n) · P (N(t) = m+ n)

=
∞∑
n=0

Cm
m+np

m(1− p)n ·
(λt)m+n

(m+ n)!
e−λt

= e−λt
∞∑
n=0

(λpt)m(λ(1− p)t)n

m!n!

= e−λt
(λpt)m

m!

∞∑
n=0

(λ(1− p)t)n

n!

= e−λt
(λpt)m

m!
eλ(1−p)t = e−λpt

(λpt)m

m!
.

~~~ 3.1.4 ez^ì��ÎêÑlPoisson©Ù§rÝ
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�λ§
z�ÎC�¤Á�VÇ�p§��Î´ÄC�¤Á*

dmvk'X§¦z^ì�¹k��ì�VÇ.

))) dþ~·�á=���ìêÑlrÝ�λp�Poisson©

Ù§�¤¦VÇ�
(λpt)k

k!
e−λpt

~~~ 3.1.5 *	]�L²§U�¥(NêÑlPoisson©

Ù§Ùëê�λV§ùpV´�*	«��NÈ.ez�(¥

þk)·�3�VÇ�p§K3NÈ�V��»�m¥k)

·�3�(¥êÑlëê�λpV�Poisson©Ù.
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§3.2 ���PoissonLLL§§§���éééXXX���eeeZZZ©©©ÙÙÙ

Äk�ÑPoissonL§�k'PÒ§Xã3-1¤«§Poisson

L§{N(t), t ≥ 0}��^��´»��´a�Ý�1��F

¼ê.

Tn, n = 1, 2, 3 · · · ,L«1ng¯�u)���§5½T0 =
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0. Xn, n = 1, 2, · · · ,L«1ng�1n− 1g¯�u)��m

m�.

§3.2.1 XnÚÚÚTn���©©©ÙÙÙ

½½½nnn 3.2.1 Xn, n = 1, 2, · · ·Ñlëê�λ��ê©
Ù§��pÕá.

y²µÄk�ÄX1�©Ù§5¿�¯�{X1 > t}�d
u¯�{N(t) = 0}, =(0, t]Svk¯�u). Ïd

P (X1 > t) = P (N(t) = 0) = e−λt,

l


P (X1 ≤ t) = 1− e−λt.
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25wX2

P (X2 > t|X1 = s) =P (N(s+ t)−N(s) = 0|X1 = s)

=P (N(s+ t)−N(s) = 0)(ÕáOþ5)

= e−λt.

¤±X2�X1Õá, �ÑÑlëê�λ��ê©Ù. ­EÓ�

�í�§��½n(Ø.

555 3.2.1 ½n3.2.1�(JAT´ý��¥�§d

uPoissonL§k²­ÕáOþ§L§3?Û��Ñ“­#

m©0�ó�ùTÐÒ´ “ÃPÁ0�Ny§��ê©Ù

�“ÃPÁ50´éA�.

½½½nnn 3.2.2 Tn, n = 1, 2, 3 · · ·Ñlëê�nÚλ�Γ©

Ù.



20/47

‖J I‖

J I

GoBack

FullScreen

Close

Quit

y²µduTn =
∑n

i=1Xi, 
dþã½n��§Xi´

�pÕá��kÓ�ê©Ù§Ó��ê©Ù´Γ©Ù��

«AÏ�/£n = 1¤dΓ©Ù�\5§´�TnÑlëê

�nÚλ�Γ©Ù§�·�3ùp^,	��{�Ñ. 5¿�

N(t) ≥ n ⇐⇒ Tn ≤ t

=1ng¯�u)3��t½�c��u���t®²u)�

¯�ê8��´n. Ïd

P (Tn ≤ t) = P (N(t) ≥ n) =
∞∑
j=n

e−λt
(λt)j

j!
.
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é1þªüà¦���Tn��Ý¼ê

f(t) =−
∞∑
j=n

λe−λt
(λt)j

j!
+

∞∑
j=n

λe−λt
(λt)j−1

(j − 1)!

=λe−λt
(λt)n−1

(n− 1)!

=
λn

Γ(n)
tn−1e−λt.

PoissonL§q�½Â�{:

½½½ÂÂÂ 3.2.1 OêL§{N(t), t ≥ 0}´ëê�λ�PoissonL

§, XJzg¯�u)��mm� X1, X2, · · ·�pÕá§�
ÑlÓ�ëê�λ��ê©Ù.

½Â3.2.1Jø
éPoissonL§?1O�Å�[�
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�Bå»µ�I�)n�Ó�ê©Ù��Åê§òÙ�

�Xi, i = 1, 2, · · · ,=���PoissonL§��^��´».

~~~ 3.2.1 �l@þ8:00m©kÃ¡õ�<üè�ÿÑ

Ö§�k�¶ÑÖ
§�z�<�ÉÑÖ��m´Õá�¿

Ñlþ��20©¨��ê©Ù§K�¥Ì12:00��²þk

õ�<®²l�§®k9�<�ÉÑÖ�VÇ´õ�º

)))µµµd¤�^���§l��<ê{N(t)}´rÝ�3�

PoissonL§£ùp±���ü ¤. �8:00�"��§K

P (N(4)−N(0) = n) = e−12(12)n

n!
Ùþ��12§=�12:00��§l��<²þ´12¶. 


k9�<�ÉLÑÖ�VÇ´

P (N(4) = 9) = e−12(12)9

9!
.
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~~~ 3.2.2 b½,U©�*ÿ��6(6´��PoissonL

§§�â± ]�ÚO�z��²þ*	�3�6(.Á¦µ

3þÌ8:�12:Ïm§TU©�vk*	�6(�VÇ.

))) �@�8��0��§±N(t)L«0��t�*ÿ��

6(ê§K{N(t)}´rÝ�3�PoissonL§§Kk

N(4)−N(0) ∼ P (3× 4)

�3þÌ8:�12:Ïm§TU©�vk*	�6(�VÇ

�

P{N(4)−N(0) = 0} = e−12

§3.2.2 ¯̄̄���uuu)))���������^̂̂���©©©ÙÙÙ

½½½nnn 3.2.3 3®�[0, t]SA�u)�g�cJe§

Au)���3[0, t]þ´þ!©Ù.
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¯¢þ§éun = 1���/§éus ≤ t

P (T1 ≤ s|N(t) = 1) =
P (T1 ≤ s,N(t) = 1)

P (N(t) = 1)

=
P (Au)3s���c§(s, t]SAvku))

P (N(t) = 1)

=
P (N(s) = 1) · P (N(t)−N(s) = 0)

P (N(t) = 1)

=
λse−λs · e−λ(t−s)

λte−λt

=
s

t
½½½nnn 3.2.4 3®�N(t) = n�^�e§¯�u)

�n���T1,T2,

· · · ,Tn�éÜ©Ù�Ý´

f(t1, t2, · · · , tn) =
n!

tn
, 0 < t1 < t2 < · · · < tn.
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y²µ�0 < t1 < t2 < · · · < tn < tn+1 = t. �hi¿©

�¦�ti + hi < ti+1, i = 1, 2, · · · , n§

P (ti < Ti ≤ ti + hi, i = 1, 2, · · ·n|N(t) = n)

=
P (N(ti+hi)−N(ti)=1,N(ti+1)−N(ti+hi)=0,1≤i≤n,N(t1)=0)

P (N(t) = n)

=
λh1e−λh1 · · ·λhne−λhne−λ(t−h1−h2−···−hn)

e−λt(λt)n/n!

=
n!

tn
h1 · · ·hn.

�U½Â§�½N(t) = n�§(T1, · · · , Tn)�n�^�
©Ù�Ý¼ê

f(t1, · · · , tn) = lim
hi→0

1≤i≤n

P (ti<Ti≤ti+hi,1≤i≤n|N(t)=n)

h1h2 · · ·hn

=
n!

tn
, 0 < t1 < t2 < · · · < tn.
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555µµµ 3®�[0, t]Su)
ng¯��cJe§�g¯�

u)��� T1, T2, · · · , Tn£ØüS¤�w��pÕá��
ÅCþ§�ÑÑl[0, t]þ�þ!©Ù.

~~~ 3.2.3 ¦�UìrÝ�λ�PoissonL§5�,»

�Õ§»�3��té§§O�3(0, t] S���¦���

�m�oÚ�Ï"�§=¦ E
(∑N(t)

i=1 (t− Ti)
)
§Ù¥Ti´

1i�¦�5����.
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)))µµµ 3N(t)�½^�e§�^�Ï"

E

N(t)∑
i=1

(t− Ti)|N(t) = n

=E

[
n∑
i=1

(t− Ti)|N(t) = n

]

=nt− E
[

n∑
i=1

Ti|N(t) = n

]
~~~ 3.2.4 PU1, U2, · · · , Un�n�Õá�Ñl(0, t]þ�

þ!©Ù��ÅCþ§d½n�

E

[
n∑
i=1

Ti|N(t) = n

]
= E

[
n∑
i=1

Ui

]
=
nt

2

l


E

[
n∑
i=1

(t− Ti)|N(t) = n

]
= nt−

nt

2
=
nt

2
.



28/47

‖J I‖

J I

GoBack

FullScreen

Close

Quit

¤±

E

N(t)∑
i=1

(t− Ti)

=E

E[

N(t)∑
i=1

(t− Ti)|N(t) = n]


=
t

2
E[N(t)] =

λt2

2
.

~~~ 3.2.5 �Ä~3.2.3¥zg¯�u)��P¹��

VÇ��mu)Cz���¹§�¯�A3s��u)�P

¹��VÇ´P (s), e±M(t)L«�t���P¹�¯�ê§

@o§�´PoissonL§íºÁ�ÑM(t)�©Ù.

))): ´wÑM(t)®ØU/¤��PoissonL§§Ï��

,§E,äkÕáOþ5§�duP (s)�K�§§®Ø2k

²­Oþ5. ��±y²§é∀t,M(t)�,´ Poisson©Ù§
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ëê�tÚP (s)k'. ¢Sþ§M(t)�þ��λtp§Ù¥

p =
1

t

∫ t

0

P (s)ds.

¯¢þ§eéN(t)�½�^�e,�^�Ï", Kk

P (M(t) = m)

=
∞∑
k=0

P (M(t) = m|N(t) = m+ k)P (N(t) = m+ k)

=
∞∑
k=0

P (®�[0, t]¥u)
m+ kg¯�§�km��P¹)

×P (N(t) = m+ k)

duzg¯�´Ä�P¹´Õá�§¤±þª¥ P (M(t) =

m|N(t) = m + k)�±w�3m + kgÕáÁ�¥kmg¤

õ£�P¹¤Úkg�}£Ø�P¹¤�VÇ.
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�

P (M(t) = m|N(t) = m+ k) =

(
m+ k

m

)
pm(1− p)k

Ù¥p´zgÁ�¤õ�VÇ§d½n3.2.3, ¿�®��¯

��u)Ú�P¹´Õá�§¤±

p=P (¯�3[0, t]Su)��P¹|N(t) = m+ k)

=

∫ t

0

P (¯�3s��u)��P¹|N(t) = m+ k)ds

=

∫ t

0

1

t
P (s)ds =

1

t

∫ t

0

P (s)ds
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∞∑
k=0

P (M(t) = m|N(t) = m+ k)× P (N(t) = m+ k)

=
∞∑
k=0

(
m+ k

m

)
pm(1− p)k

(λt)m+k

(m+ k)!
e−λt

=
∞∑
k=0

(m+ k)!

m!k!
pm(1− p)k

(λt)m+k

(m+ k)!
e−λt

=
(λtp)m

m!
e−λt

∞∑
k=0

(1− p)k

k!
(λt)k

=
(λtp)m

m!
e−λpt

� P (M(t) = m) = (λtp)m

m!
e−λpt§Ù¥p = 1

t

∫ t
0 P (s)ds.
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§3.3 ÑÑÑtttLLL§§§���ííí222

§3.3.1 ���àààgggPoissonLLL§§§

�PoissonL§�rÝλØ2´~ê§
��mtk'

�§PoissonL§�í2��àgPoissonL§.��5`,�

àgPoissonL§´Øä�²­Oþ�(~X~3.2.4). 3

¢S¥§�àgPoissonL§�´'�~^�.~X3�Ä�

���æÇ�§du��¦^c��Cz, Ñ�æ��U5

¬��Cz¶��5Ô��PC�Ý§¬Ï�«	Ü^��

Cz
��ØÓ¶&Á�Î�²þêþ�c#ÚG!
Cz

�.3ù���¹e§2^àgPoissonL§5£ãÒØÜ·


§u´U^�àg�PoissonL§5?n.
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½½½ÂÂÂ 3.3.1 OêL§{N(t), t ≥ 0}¡�rÝ¼ê
�λ(t) > 0(t ≥ 0)��àgÑtL§§XJ

(1) N(0) = 0;

(2) L§kÕáOþ;

(3) P (N(t+ h)−N(t) = 1) = λ(t)h+ o(h);

(4) P (N(t+ h)−N(t) ≥ 2) = o(h).

aquPoissonL§§�àgPoissonL§kXe��

d½Â.

½½½ÂÂÂ 3.3.2 OêL§{N(t), t ≥ 0}¡�rÝ¼ê
�λ(t) > 0(t ≥ 0)��àg PoissonL§, e

(1) N(0) = 0;

(2) L§kÕáOþ;

(3) é?¿¢êt ≥ 0, s ≥ 0, N(t+ s)−N(t)´ëê�
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m(t+ s)−m(t) =
∫ t+s
t λ(u)du �Ñt©Ù.

5µm(t) =
∫ t

0 λ(s)ds.

ÑtL§��àgÑtL§�m=�'X:

½½½nnn 3.3.1 �{N(t), t ≥ 0}´��rÝ¼ê�λ(t)�

�àgPoissonL§.é?¿t ≥ 0§- N∗(t) = N(m−1(t))§

K{N∗(t)}´��rÝ� 1 �ÑtL§.

yyy²²²µµµ Äkdλ(t) > 0�§ m(t) =
∫ t

0 λ(s)ds > 0�

üNO\§¤± m−1(t) �3�üNO\. Ï
�Iy²

{N∗(t), t ≥ 0}÷v3.1!¥�^�(1) ∼ (4)§Ù¥(1),(2)

ØJdN(t)��A5�U«��.e¡y²§÷v(3),(4).

Pv(t) = m−1(t)§K

N∗(t) = N(m−1(t)) = N(v(t)).
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�v = m−1(t), v + h′ = m−1(t+ h), Kd

h=m(v + h′)−m(v)

=

∫ v+h′

v

λ(s)ds

=λ(v)h′ + o(h′)

�

lim
h→0+

P (N∗(t+ h)−N∗(t) = 1)

h

= lim
h′→0+

P (N(v + h′)−N(v) = 1)

λ(v)h′ + o(h′)

= lim
h′→0+

λ(v)h′ + o(h′)

λ(v)h′ + o(h′)
= 1

=

P (N∗(t+ h)−N∗(t) = 1) = h+ o(h).
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Ón��

P (N∗(t+ h)−N∗(t) ≥ 2) = o(h).

¤±{N∗(t), t ≥ 0}´ëê�1�PoissonL§.

555: ^d½n�±{z�àgPoissonL§�¯K

�PoissonL§¥?1?Ø. ,��¡��±?1���

�ö�§=l��ëê�λ�PoissonL§�E��rÝ¼

ê�λ(t)��àgPoissonL§.

~~~ 3.3.1 �,���¦^Ï��10c§3c5cS§
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²þ2.5I��?�g§�5c²þ2cI�?�g"Á¦§

3¦^ÏS��?L�g�VÇ.

)))µµµ ^�àgPoissonL§�Ä§rÝ¼ê

λ(t) =

{
1

2.5
, 0 ≤ t ≤ 5

1
2
, 5 < t ≤ 10

m(10) =

∫ 10

0

λ(t)dt =

∫ 5

0

1

2.5
dt+

∫ 10

5

1

2
dt = 4.5

Ïd

P (N(10)−N(0) = 1) = e−4.5(4.5)1

1!
=

9

2
e−

9
2.

§3.3.2 EEEÜÜÜPoissonLLL§§§

½½½ÂÂÂ 3.3.3 ¡�ÅL§{X(t), t ≥ 0}�EÜÑtL
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§, XJéu

t ≥ 0§X(t)�±L«�

X(t) =

N(t)∑
i=1

Yi

Ù¥{N(t), t ≥ 0}´��PoissonL§§Yi, i = 1, 2, · · · ´
�xÕáÓ©Ù��ÅCþ§¿��{N(t), t ≥ 0}�´Õá
�.

555µµµEÜPoissonL§Ø�½´OêL§§�´�Yi ≡
c, i = 1, 2, · · · , c �~ê�, �z�ÑtL§.

~~~ 3.3.2 �xúi���¢�gêÑl��ÑtL

§{N(t)}§zg�¦�G�7�YiÑ�pÕá§�kÓ©
ÙF , zg�¢�ê��§u)���Ã'§K[0, t]�m«
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mS�xúiI��G�o7� {X(t)}Ò´��EÜÑt
L§§Ù¥

X(t) =

N(t)∑
i=1

Yi

~~~ 3.3.3 £��¤1���üèXÚ¤�����,

ÑÖXÚ��mS1, S2, · · ·/¤�rÝ� λ�PoissonL§§

3z���Sn, n = 1, 2, · · ·�±Ó�kõ¶����. Yn

L«3��Sn�����<ê§b½Yn, n = 1, 2, · · · �p
Õá§¿��{Sn}�Õá§K3[0, t]�m«mS��ÑÖX

Ú���o<ê��^�EÜPoissonL§5£ã.

~~~ 3.3.4 b���Uìëê�λ�PoissonL§?\

��ûA§qb����¤�Ü�7�/¤�xÕáÓ©Ù

��ÅCþ"±X(t)P��mt����3dûA¤s¤�
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o�§´�{X(t), t ≥ 0}´��EÜPoissonL§"

½½½nnn 3.3.2 �{X(t) =
∑N(t)

i=1 Yi, t ≥ 0}´�EÜÑt
L§§ÑtL§

{N(t), t ≥ 0}�rÝ�λ, K
(1) X(t)kÕáOþ;

(2) eE(Y 2
i ) < +∞, K

E[X(t)] = λt · EY1, var[X(t)] = λt · E(Y 2
1 ).

yyy²²²µµµ (1) -0 ≤ t0 < t1 < t2 < · · · < tn§K

X(tk)−X(tk−1) =

N(tk)∑
i=N(tk−1)+1

Yi, k = 1, 2, · · · , n

dL§L§�ÕáOþ59�Yi, (i = 1, 2, · · · , n) �m�Õ

á5ØJ�ÑX(t)�ÕáOþ5.
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£2¤|^Ý1¼ê�{§Äkk

φt(u) = E(euXt)

=
∑∞

n=0E[euXt|N(t)=n]P (N(t)=n)

=
∑∞

n=0E[eu(Y1+···+Yn)|N(t)=n]e−λt
(λt)n

n!

=
∑∞

n=0E[eu(Y1+···+Yn)]e−λt
(λt)n

n!

=
∑∞

n=0E(euY1)···E(euYn)e−λt
(λt)n

n!

=
∑∞

n=0[E(euY1)]ne−λt
(λt)n

n!

= eλt[E(euY1)−1].

éþª¦��

E[X(t)] = λtEY1 9 var(X(t)) = λtE(Y 2
1 ).

~~~ 3.3.5 3�x¥�¢��.¥§��xúi���

¢��¦´rÝ�z��üg�ÑtL§"zg�GÑlþ
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��10000����©Ù§K�c¥�xúi²þ��G�

´õ�.

))): d½n 3.3.2´�

E[X(12)] = 2× 12× 10000 = 240000(�)

~~~ 3.3.6 ���±z©¨6<�²þ�Ç?\,û|§

ù�L§�±^PoissonL§5£ã.q�?\Tû|�z 

��ïÀÜ�VÇ�0.9§�z ��´ÄïÀÜpØK�§

��?\Tû|���êÃ'§¦�U(12��)3Tû|ï

ÀÜ���ê�©Ù�þ�.

)))µµµ ±N1(t)L«3�m(0, t]S?\Tû|���ê§

K{N1(t), t ≥ 0}´�Ç�λ = 6(</©¨)�PoissonL§.

2±N2(t)L«3�m(0, t]S3Tû|ïÀÜ���ê§¿
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�

Yi =

{
1, XJ1i ��3Tû|ïÀÜ

0, XJ1i ��3Tû|�ïÀÜ

KYiÕáÓ©ÙuB(1, 0.9)§�{N1(t), t ≥ 0}Õá§�

N2(t) =

N1(t)∑
i=1

Yi

´�

N2(t) ∼ P (5.4t)

= {N2(t), t ≥ 0}´�Ç�λ = 5.4(</©¨)�PoissonL

§§t =12��=720©¨§K

N2(720) ∼ P (3888)

=�U(12��)3Tû|ïÀÜ�²þ��ê�E[N2(720)] =

3888<.
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555µµµe±ZiL«?\Tû|�1i ��3Tû|¤s

�aê(ü :�)§�kZi ∼ B(200, 0.5)§K

N3(t) =

N1(t)∑
i=1

Zi

«3�m(0, t]STû|�E��§KTû|�U�²þE�

��

E[N3] = E[Z1]E[N1] = (200×0.5)×(6×12×60) = 432000�

§3.3.3 ^̂̂���PoissonLLL§§§

PoissonL§£ã�´��kX“ºx0ëêλ��N

u),�¯��ªÇ§XJ·��Ä��oN§Ù¥��

N�3�É§'Xu)¯����5Ï<
É§ù�·�

�±rVÇ©Ù(3.1.2)ª)º��½λ�§N(t)�^�©
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ÙPk|λ(t).

½½½ÂÂÂ 3.3.4 ��ÅCþΛ > 0§3Λ = λ�^�e§

OêL§

{N(t), t ≥ 0}´ëê�λ�ÑtL§. K¡{N(t), t ≥ 0}�
^�ÑtL§.

555µµµ �Λ�©Ù´G§@o�ÅÀJ���N3�Ý

�t��m«mSu)ng¯��VÇ�

P (N(t+ s)−N(s) = n) =

∫ ∞
0

e−λt
(λt)n

n!
dG(λ)

ù´�VÇúª.

½½½nnn 3.3.3 �{N(t), t ≥ 0}´^�ÑtL§§�
E(Λ2) <∞, K£1¤EN(t) = tEΛ;

£2¤var[N(t)] = t2var(Λ) + tEΛ.
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yyy²²²µµµ (1) EN(t) = E[E(N(t)|Λ)] = E(tΛ) = tEΛ;

(2) var(N(t)) = E[N2(t)]− [EN(t)]2

= E[E(N2(t)|Λ)]− (tEΛ)2

= E[(Λt)2 + Λt]− t2(EΛ)2

= t2var(Λ) + tEΛ.

~~~ 3.3.7 �¿	¯��u)ªÇÉ,«��Ï�K

�kü«�Uλ1, λ2§�P (Λ = λ1) = p, P (Λ = λ2) =

1 − p = q, 0 < p < 1�®�. ®����t®u)
ng¯

�. ¦e�g¯�3t + s�cØ¬�5�VÇ. ,	§ù�

u)ªÇ�λ1�VÇ´õ�º



47/47

‖J I‖

J I

GoBack

FullScreen

Close

Quit

))): ¯¢þ§·�ØJ�Ñ

P ((t, t+ s)SÃ¯�|N(t) = n)

=
∑2

i=1 P (Λ=λi)P (N(t)=n,N(t+s)−N(t)=0|Λ=λi)∑2
i=1P (Λ = λi)P (N(t) = n|Λ = λi)

=
p(λ1t)ne−λ1(s+t) + (1− p)(λ2t)ne−λ2(s+t)

p(λ1t)ne−λ1t + (1− p)(λ2t)ne−λ2t

=
pλn1e

−λ1(s+t) + qλn2e
−λ2(s+t)

pλn1e
−λ1t + qλn2e

−λ2t

±9

P (Λ = λ1|N(t) = n) =
pe−λ1t(λ1t)n

pe−λ1t(λ1t)n + (1− p)e−λ2t(λ2t)n
.


